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ABSTRACT

Monte Carlo (MC) simulations of silica oligomerization face significant challenges due to rare event dynamics
and high free energy barriers inherent in polymerization reactions. This study introduces a systematic
evaluation of advanced sampling algorithms—Parallel Tempering (PT), Umbrella Sampling (US), and
Metadynamics (MetaD)—to enhance phase space exploration and accelerate convergence in silica systems.
The Beest-Kramer-van Santen (BKS) potential was employed to model interatomic interactions, with explicit
parameterization of Si-O bond dissociation energies (Fsi.o ~ 4.5 eV) and angular terms governing tetrahedral
coordination. Reaction coordinates such as the degree of polymerization (Q", where n denotes the number of
bridging oxygens) and ring statistics were analyzed to quantify oligomer distributions. PT simulations utilized
32 replicas spanning 7' = 300-2000 K, achieving exchange probabilities of 15% via optimized temperature
spacing. US applied harmonic biases (k = 200 kcal/mol-AQ) along Q", while MetaD employed Gaussian
deposition (o = 0.2, w = 1.2 kcal/mol) every 500 MC steps. Validation against experimental *Si NMR data
revealed PT and MetaD reduced sampling error by 62% compared to conventional Metropolis-Hastings MC.
Activation free energies (AG*) for trimer formation decreased from 28.3 £ 1.5 kcal/mol (standard MC) to
19.8 £ 0.9 kcal/mol (MetaD), aligning with Arrhenius-derived estimates. Convergence analysis demonstrated
PT achieved ergodicity in 10° steps versus 10® for brute-force methods. These results establish that advanced
sampling algorithms mitigate kinetic trapping and enable atomistic prediction of silica gelation kinetics under
ambient conditions.

N0

Creative Commons License

This work is licensed under a Creative Commons Attribution-NonCommercial 4.0 International License.
To view a copy of this license, visit https://creativecommons.org/licenses/by-nc/4.0/ or send a letter to
Creative Commons, PO Box 1866, Mountain View, CA 94042, USA.

(© Northern Reviews


https://creativecommons.org/licenses/by-nc/4.0/

Northern Reviews on Algorithmic Research, Theoretical Computation, and Complexity

Northern Reviews

1 | Introduction

Silica oligomerization represents one of the most
fundamentally intriguing and technologically
significant processes in sol-gel chemistry, underpinning
the synthesis of diverse materials such as mesoporous
molecular sieves, optical fibers, xerogels, and bioactive
glasses. The transformation from simple silicate
monomers to extended polymeric networks proceeds
through a series of hydrolysis and condensation
reactions that build up interconnected siloxane bonds
(Si—O-Si). Understanding this process at the atomistic
level is pivotal for tailoring the final material’s textural
properties, pore architecture, optical characteristics,
and mechanical stability. Despite its importance, silica
oligomerization remains challenging to model and
simulate because of the complex interplay among rare
nucleation events, large activation barriers, and an
expansive free energy landscape featuring numerous
local minima [1, 2]. The inherent difficulty of
predicting oligomerization pathways arises from the
simultaneous contributions of solvation effects,
ion-mediated catalysis, and configurational entropy,
which collectively govern the competition between
linear, branched, and cyclic oligomers. Experimental
studies employing nuclear magnetic resonance (NMR)
spectroscopy, small-angle X-ray scattering (SAXS),
and in situ infrared spectroscopy have provided crucial
insights into the reaction kinetics and intermediate
species, yet many mechanistic aspects remain
unresolved.

Computational modeling approaches, including
molecular dynamics (MD), Monte Carlo simulations,
and density functional theory (DFT), have been
employed to elucidate the atomistic details of silica
oligomerization. Classical MD simulations, with
empirical force fields such as the BKS (van Beest,
Kramer, and van Santen) potential or ReaxFF,
capture the dynamics of silicate species in aqueous and
nonaqueous environments [3]. These simulations
provide valuable information on the lifetime and
mobility of oligomers, the influence of solvent
structuring on condensation equilibria, and the effect of
ion pairing on reaction rates. However, classical force
fields often lack the precision needed to accurately
describe bond formation and breaking, necessitating
the use of quantum mechanical (QM) methods. DFT
calculations, particularly those employing hybrid
functionals such as B3LYP or wB97X-D, offer a more
accurate treatment of electronic effects governing
hydrolysis and condensation. Recent studies combining
ab initio molecular dynamics (AIMD) with enhanced
sampling techniques such as metadynamics or umbrella

sampling have shed light on reaction barriers and
transition states, revealing cooperative mechanisms in
silicate cluster formation [4, 5].

A fundamental challenge in silica oligomerization is the
competition between different polymerization
pathways, which strongly depends on pH, ionic
strength, temperature, and the nature of counterions
present in solution. In highly acidic conditions,
oligomerization is largely suppressed due to
protonation of silanol groups, whereas at neutral to
mildly basic pH, condensation rates increase
significantly. The presence of alkali and alkaline earth
metal cations further modulates the process by either
stabilizing intermediate species through specific ion
pairing or promoting phase separation via charge
screening. The Hofmeister series provides a useful
framework for understanding how different cations
influence silica solubility and aggregation, with
kosmotropic ions (e.g., Mg?T, Ca?t) favoring gelation
and chaotropic ions (e.g., Na™, KT) promoting sol
stability.

Kinetic models of silica oligomerization often rely on
classical nucleation theory (CNT) and population
balance equations (PBE) to describe the growth
dynamics of primary particles. These approaches
provide useful predictions for gel times and particle
size distributions but struggle to incorporate
molecular-scale heterogeneities and secondary
nucleation effects. More advanced mesoscale methods,
such as dissipative particle dynamics (DPD) and
coarse-grained Monte Carlo simulations, offer
improved descriptions of structure formation by
capturing long-range interactions and collective
assembly mechanisms. Machine learning techniques
have also emerged as powerful tools for predicting
oligomerization kinetics, particularly when trained on
extensive datasets derived from high-throughput
computational screening and experimental
measurements. Neural networks and Gaussian process
regression models have been applied to infer reaction
barriers and identify dominant structural motifs,
facilitating the rational design of silica-based materials
with tailored properties.

The implications of silica oligomerization extend
beyond fundamental chemistry to various applied
domains, including catalysis, drug delivery, and
biomineralization. In heterogeneous catalysis,
mesoporous silica materials synthesized via sol-gel
routes serve as supports for metal nanoparticles and
active sites in acid-base reactions. Controlling
oligomerization kinetics enables the tuning of pore size
distributions and surface areas, optimizing catalytic
efficiency. In biomedical applications, silica
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Table 1: Effect of pH and Ionic Strength on Silica Oligomerization
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Condition Observed Oligomerization | Notes
Behavior

pH 2 Minimal condensation due to | Low polymerization tendency
silanol protonation

pH 3-5 Formation of small cyclic and lin- | Slow reaction kinetics
ear oligomers

pH 6-8 Rapid oligomerization, growth of | Favorable for mesoporous struc-
3D networks tures

pH ;9 Enhanced dissolution, compet- | Destabilization of oligomers
ing depolymerization

Low ionic strength Formation of monodisperse | Stabilized colloidal systems
nanosilica particles

High ionic strength Gelation and precipitation fa- | Accelerated network formation
vored

nanoparticles are used as carriers for drug and gene
delivery, requiring precise control over surface
chemistry and aggregation behavior to achieve
desirable biocompatibility and release profiles.
Moreover, silica oligomerization plays a key role in
biomineralization processes, as evidenced by the
formation of diatom frustules and biosilica structures
in sponges. Studies of biomimetic silica synthesis
inspired by these organisms have led to the
development of novel hybrid materials with hierarchical
architectures and enhanced mechanical properties.
Despite significant advances, challenges remain in
achieving predictive control over silica oligomerization.
Open questions include the role of solvent-mediated
hydrogen bonding networks, the extent of cooperative
effects in multicomponent systems, and the influence of
external fields (e.g., electric or magnetic) on structural
evolution. Emerging techniques such as cryo-electron
microscopy (cryo-EM) and advanced neutron
scattering are expected to provide unprecedented
insights into these complex processes. In parallel,
continued developments in multiscale modeling,
combining QM /MM (quantum mechanics/molecular
mechanics) approaches with enhanced sampling
strategies, will likely lead to a more comprehensive
understanding of silica network formation. By bridging
the gap between molecular-scale mechanisms and
macroscopic material properties, future research in
silica oligomerization will enable the design of
next-generation functional materials with applications
spanning energy storage, environmental remediation,
and biomedical engineering.

In industrial and laboratory contexts, silica systems
can be synthesized from alkoxysilanes like tetraethyl
orthosilicate (TEOS) under acidic or basic conditions.
However, the atomistic details of how individual

oligomeric structures grow and evolve into larger
ring-like or cage-like clusters are obscured by short
timescales in experiments and by the complexity of
reaction pathways. Experimental methods such as
nuclear magnetic resonance (NMR) spectroscopy have
traditionally been employed to measure Q™
distributions—where Q" refers to a silicon atom
bonded to n bridging oxygens. Similarly, scattering
techniques such as small-angle X-ray scattering
(SAXS) provide indirect evidence for network
connectivity and fractal growth. Nonetheless, bridging
the gap between these experimental observables and
the underlying atomic-scale rearrangements demands
computational methods capable of capturing the
relevant reaction mechanisms.

Traditional Monte Carlo (MC) simulations, which rely
on the Metropolis-Hastings acceptance criterion,
struggle to sample sufficient regions of phase space in
silica systems. The main reason is that transitions
among oligomers, such as from Q? to Q> or from Q3 to
Q*, often involve large activation barriers, typically
exceeding 20 kcal/mol. Such barriers effectively
confine the MC trajectory to local basins, leading to
excessively slow exploration of the energy landscape
and underestimation of important cyclic and
cross-linked topologies. For example, in conventional
MC, the system may remain trapped in metastable
configurations of linear oligomers or small rings.
Experimentally, however, well-developed silica
networks often exhibit abundant 5- or 6-membered
rings, reflecting the lower free energy of cyclic
arrangements in the presence of bridging oxygens.
Recent developments in advanced sampling techniques
offer a powerful strategy to overcome the limitations of
brute-force MC. Methods like Parallel Tempering
(PT), Umbrella Sampling (US), and Metadynamics



Northern Reviews on Algorithmic Research, Theoretical Computation, and Complexity

ity, thermal stability

Table 2: Applications of Controlled Silica Oligomerization
Application Key Material Properties Functional Benefits
Catalysis High surface area, tunable poros- | Enhanced reaction efficiency

Drug delivery

Biocompatibility, controlled re-
lease, functionalization

Targeted therapeutic applica-
tions

Optoelectronics Refractive index control, optical | Improved light propagation
clarity
Biomineralization Hierarchical structuring, bioin- | Enhanced mechanical robustness
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spired synthesis

(MetaD) can be integrated with reactive potentials or
force fields to accelerate exploration of high-energy
configurations. By effectively flattening or modifying
free energy barriers, these techniques significantly
enhance the probability of observing rare transitions
that drive the formation of more complex silica
oligomers. In this work, we explore how each of these
algorithms can be adapted to model silica
oligomerization, focusing on the unique challenges
posed by silicate systems. We emphasize strategies for
selecting collective variables (CVs) that capture both
local bonding environments (Q™ speciation) and global
structural motifs (ring statistics).

Overcoming rare event sampling in silica
oligomerization requires the careful formulation of
sampling biases or replica-exchange protocols. Parallel
Tempering leverages multiple thermodynamic replicas
at different temperatures, allowing the system to make
occasional high-temperature sojourns that surmount
otherwise impassable energy barriers. Umbrella
Sampling confines the system to windows associated
with specific values of a chosen CV, producing
overlapping histograms that can be reweighted to
reveal the global free energy. Metadynamics adaptively
constructs a time-dependent bias potential that
continuously pushes the system away from previously
visited states, thereby filling in free energy wells that
would otherwise trap the simulation. While these
approaches each have a rich history of application in
protein folding and other chemical processes, their
application to reactive silicate systems demands
careful consideration of how to represent
polymerization pathways.

In the following sections, we detail the theoretical basis
of Monte Carlo approaches in silica oligomerization,
outline the key principles of Parallel Tempering,
Umbrella Sampling, and Metadynamics, and discuss
the practical details of implementing and validating
these methods in large-scale simulations. We present a
quantitative framework that measures algorithmic
performance in terms of convergence rates, effective

sample sizes, and agreement with experimentally
derived spectroscopic data. Finally, we show how
advanced sampling clarifies the fundamental
mechanisms of siloxane bond formation, ring closure,
and the emergence of extended silica networks.

Given the deep free energy minima and rugged
landscape, the insights gleaned from these enhanced
sampling simulations have broad relevance for
rationalizing the outcomes of sol-gel synthesis, such as
predicting gelation times, controlling porosity, or
tuning fractal dimensions. By integrating these
methods with reactive force fields for silica, we aim to
bridge the gap between purely empirical modeling and
physically rigorous simulations, paving the way for
predictive design of silica-based materials with
improved structural and functional properties.

2 | Theoretical Framework of Monte
Carlo Methods in Silica Systems

Monte Carlo simulations of silica oligomerization rely
on an accurate description of the potential energy
surface governing Si—O interactions [6]. One commonly
used empirical potential is the BKS (van Beest,
Kramer, and van Santen) force field, which captures
both the long-range electrostatic interactions and
short-range repulsion characteristic of silicates. In the
BKS model, the potential energy V(r;;) between
atoms ¢ and j is given by

2
qigje A Cij
P A exp(—=B, 1) — .
47T607’ij + * p( * ”) T

V(rij) =
Typically, silicon (Si) and oxygen (O) bear partial
charges of +2.4e and —1.2¢, respectively. The
short-range parameters for the Si-O interaction are
often chosen as Ag; o = 1803.4 eV, By o = 4.873 A1,
and Cgi o = 133.1 eV AS. Such parameters were
originally derived to match structural and elastic
properties of crystalline silica polymorphs, but they
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have also proven useful in modeling amorphous and
partially polymerized silicates.

While classical MC approaches often use simple
displacement moves in coordinate space, silica
oligomerization calls for specialized “reaction moves”
that allow the creation or breaking of Si—-O bonds and
the transfer of protons between species. In a typical
reactive MC scheme, a trial move might consist of: 1.
Proton hopping from one site to another, changing the
local environment around a silanol group (Si-OH). 2.
Breaking an Si—O bond to form separate clusters if the
energy difference AF is acceptable. 3. Forming an
Si—O bond between two previously unconnected sites,
again subject to the Metropolis criterion.

The probability of accepting such a move is

Paccept = min (17 e_ﬁAE) )

where 8 = 1/(kgT), kg is Boltzmann’s constant, and
T is the temperature. Because Si—O bond formation or
cleavage can incur activation barriers on the order of
20-25 kcal/mol or higher (roughly 30-40 kgT at room
temperature), the acceptance rate for such moves in a
naive MC simulation is exceedingly small.

To address this issue, advanced Monte Carlo
techniques such as configurational bias Monte Carlo
(CBMC), umbrella sampling, and parallel tempering
are employed. CBMC allows for biased insertion and
deletion of atoms, significantly improving sampling
efficiency in systems where bond formation or
dissociation events are rare. Alternatively, umbrella
sampling involves introducing a biasing potential to
force the system along a predefined reaction
coordinate, enabling the extraction of free energy
landscapes for oligomerization. Parallel tempering,
also known as replica exchange Monte Carlo (REMC),
involves running multiple simulations at different
temperatures, with periodic exchanges of
configurations to enhance sampling of high-energy
transition states.

The oligomerization process in Monte Carlo
simulations is strongly influenced by the choice of
solvent model and the presence of counterions.
Implicit solvent models treat solvation effects through
effective dielectric constants, whereas explicit solvent
approaches require additional computational cost but
provide a more accurate representation of hydrogen
bonding and ion-mediated interactions. The role of
counterions, such as Na®, KT, and Ca?*, is
particularly crucial, as they can either stabilize
growing silica clusters or inhibit polymerization by
shielding silanol groups.

Monte Carlo simulations have been instrumental in
elucidating the competition between linear, cyclic, and

branched silicate oligomers. The relative stability of
different oligomeric motifs depends on factors such as
solution pH, temperature, and ion concentration. At
low pH, silica species tend to remain monomeric or
form small cyclic structures due to the protonation of
silanol groups, which hinders condensation. In
contrast, at neutral to basic pH, extended polymeric
networks emerge as condensation becomes more
favorable. High ionic strength conditions further
influence oligomerization by modulating the effective
charge on silicate species, leading to either
stabilization of compact clusters or accelerated
gelation due to charge screening.

The structural evolution of silicate networks in Monte
Carlo simulations can be characterized using order
parameters such as the mean cluster size, Si-O
coordination number, and ring statistics. The mean
cluster size (N.) is defined as the average number of
silicate units per connected structure, providing a
measure of polymerization extent. The Si—O
coordination number, which describes the number of
oxygen atoms bonded to each silicon, distinguishes
between tetrahedral, pentacoordinated, and defect
structures. Ring statistics analysis quantifies the
prevalence of three-, four-, and larger-membered
silicate rings, offering insights into network topology.
Despite the progress in Monte Carlo methods,
challenges remain in achieving predictive accuracy for
silica oligomerization. The choice of force fields and
simulation parameters can significantly impact
computed results, requiring careful validation against
experimental data. Additionally, the interplay between
entropic and enthalpic effects in determining oligomer
stability remains an open question, necessitating
further investigation through enhanced sampling
techniques and hybrid molecular dynamics-Monte
Carlo approaches. Advances in machine learning,
particularly neural network potentials trained on
high-level quantum calculations, hold promise for
improving the accuracy of empirical models while
retaining computational efficiency. the integration of
Monte Carlo simulations with experimental techniques
such as nuclear magnetic resonance (NMR), X-ray
scattering, and vibrational spectroscopy is expected to
refine our understanding of silica oligomerization.
Real-time simulations coupled with in situ
experimental measurements will allow direct
comparisons of predicted and observed oligomer
distributions, leading to improved models of reaction
pathways. Moreover, the extension of Monte Carlo
methods to multi-component systems, including
organic-inorganic hybrids and biomimetic silica
assemblies, will open new avenues for designing



Northern Reviews on Algorithmic Research, Theoretical Computation, and Complexity

Table 3: Monte Carlo Techniques for Silica Oligomerization

Technique

Key Features

Advantages

Standard Metropolis MC

Simple displacement and reac-
tion moves

Limited efficiency for rare events

Configurational Bias MC
(CBMC)

Biased insertion/deletion moves

Improves sampling of complex
structures

Umbrella Sampling

Biasing potential applied to re-
action coordinates

Enables free energy calculations

Northern Reviews

Parallel Tempering | Multiple simulations at different | Enhances sampling of transition
(REMC) temperatures states
Table 4: Structural Descriptors in Silica Oligomerization
Descriptor Definition Significance
Mean Cluster Size (N..) Average number of silicate units | Measures degree of polymeriza-
per oligomer tion
Si—-O Coordination Num- | Number of oxygens bonded to | Identifies tetrahedral and defect
ber each silicon sites
Ring Statistics Distribution of three-, four-, and | Characterizes network topology
larger-membered rings

tailored materials with applications in catalysis,
biomedicine, and nanotechnology.

An additional complexity arises from the existence of
manifold local energy minima, each corresponding to a
different arrangement of bridging oxygens,
non-bridging oxygens, ring morphologies, and potential
hydrogen bonding networks. The Markov chain
generated by standard Metropolis MC is prone to
remain trapped in these local minima, particularly
when transitions between them require crossing high
free energy barriers. This results in extremely long
autocorrelation times for relevant observables, such as
the distribution of Q™ states or the size distribution of
silicate rings.

For silica systems, Q™ denotes how many bridging
oxygens (B) are bonded to a central Si. A fully
condensed silica tetrahedron, with four bridging
oxygens (B), corresponds to Q*, typical of dense silica
glass or highly cross-linked environments. Meanwhile,
@Q? represents a three-bridging configuration with one
terminal hydroxyl, and lower levels of condensation
give Q% (two bridging oxygens, two hydroxyls) or Q!
(one bridging oxygen, three hydroxyls). The relative
populations of these Q" species are strongly dependent
on temperature, reaction conditions, and the level of
polymerization. Experimentally, 2°Si NMR spectra
exhibit well-defined peaks for each Q" species, often
used to track network formation.

Another descriptor of network connectivity is the
presence and size of closed rings in the silica network.
These rings can have three, four, five, six, or more

members, and ring statistics are closely tied to the
mechanical properties and pore structures of the
resulting solids. In the early stages of oligomerization,
small rings may form, which can grow or combine to
yield larger-scale networks over time. The free energy
barriers for ring closure or ring opening events are
typically substantial, contributing to the sluggish
kinetics of silica gel formation.

In summary, the theoretical challenge in modeling
silica oligomerization lies in accurately reproducing the
structural motifs that arise from hydrolysis and
condensation, as well as in dealing with the kinetic
bottlenecks associated with these transformations.
While Metropolis MC remains a cornerstone of
stochastic sampling, its practical application to silica
can be severely limited by ergodicity issues and slow
barrier crossing. Advanced sampling methods
circumvent some of these difficulties by systematically
enhancing sampling in regions of phase space that
would otherwise be rarely visited [7, g].

3 | Advanced Sampling Algorithms

Advanced sampling algorithms offer systematic
strategies to address the limitations of conventional
MC in the context of silica oligomerization. By
modifying either the temperature or the potential
energy surface, these algorithms facilitate transitions
over high barriers that hamper convergence in
standard simulations. Here, we focus on three
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prominent techniques—Parallel Tempering (PT),
Umbrella Sampling (US), and Metadynamics
(MetaD)—that have been widely successful in probing
complex chemical processes [9].

Parallel Tempering (Replica Exchange). Parallel
Tempering operates on the principle that simulations
at higher temperatures can more readily cross energy
barriers, while simulations at lower temperatures
furnish high-resolution sampling of low-energy
configurations. In a PT setup, one prepares N replicas
of the same system at a ladder of temperatures

Ty < Ty < -+ <Ty. Each replica evolves
independently under Metropolis MC at its respective
temperature, generating a canonical ensemble at that
temperature. At predetermined intervals, adjacent
replicas attempt to swap configurations, with the
acceptance probability for a swap between replicas @
and j given by

Pswap = min (l,exp [(ﬂl - ﬁ])(EZ - EJ)]) ’

where 8; = 1/(kgT;), and E; is the total energy of
replica 7. By occasionally exchanging configurations,
the lower-temperature replicas gain access to
high-temperature regions of configuration space,
thereby escaping local minima. Conversely,
higher-temperature replicas can descend to lower
temperatures to refine promising configurations.

For silica oligomerization, PT can drastically enhance
the probability of forming high-energy intermediates
associated with ring closure or Q™ — Q™! transitions.
However, designing an optimal temperature ladder is
non-trivial, as the energy barriers can vary depending
on system size and composition. A commonly used
approach is to space temperatures geometrically,

T - T (T )(kfl)/(Nfl)
k — 4 min A

Tmin
acceptance rate for swaps. In practice, one must also
weigh the computational overhead of running multiple
replicas.

Umbrella Sampling. Umbrella Sampling applies a
biasing potential to confine the system to specific
ranges of a chosen collective variable (CV). For
instance, if one wants to probe the free energy as a
function of the @3 fraction, a harmonic restraint of the
form

, ensuring a balanced

We(@¥) = 5 5 (Q° - @)’

may be employed in window k, centering around Q%.
By running independent simulations at each window
value, one obtains histograms Hy(Q?) that overlap
with those of neighboring windows. Post-processing
methods like the Weighted Histogram Analysis Method
(WHAM) then combine all windowed histograms to

reconstruct the unbiased free energy profile F’ (Q3):
F(Q®) = —kpT In[P(Q?)] + constant.

This approach is especially useful when the CV of
interest (e.g., Q™ or ring size) directly captures the
rate-limiting transformation in the polymerization
process. The benefit of Umbrella Sampling is that it
focuses sampling on typically under-explored regions of
the CV space. Nonetheless, the method requires a
priori knowledge of an appropriate CV and a suitable
set of restraint windows to ensure adequate overlap.
Metadynamics. In Metadynamics, one constructs a
time-dependent bias potential Vias(s,t) on a small
subset of collective variables s(t) (e.g., s = (Q™, R),
where R, is the count of m-membered rings). At fixed
intervals, the algorithm deposits Gaussian (or other
shaped) bias “hills” centered on the current point in
CV space:

2

Vbias(s, t+ 5t) = Vhias (S, t) + W exp |:_||52:-(2t)||:| .
Over time, these hills accumulate in free energy wells,
raising their effective energy and pushing the system to
explore new regions of CV space. Eventually, the
system samples multiple minima, and the sum of the
bias potential converges to the negative of the
underlying free energy surface:

F(s) ~ — tlggo Vhias(S,t) + constant.

For silica, Metadynamics can be highly effective if the
chosen CVs (e.g., Q™ distributions, ring size
distribution) capture the essential reaction pathways.
One caveat is the risk of “biasing away” from
physically relevant coordinates if the chosen CVs are
incomplete, leading to inaccurate estimation of kinetics
or free energy barriers. Well-tempered Metadynamics
refines the approach by decreasing the bias deposition
over time, thereby reducing the risk of overshooting
free energy minima.

Each of these techniques addresses the core problem of
poor ergodicity in silica MC simulations. PT leverages
inter-replica exchanges in temperature space, Umbrella
Sampling partitions the CV space into manageable
windows, and Metadynamics adaptively fills free
energy wells with bias. Their comparative performance
for a given silicate system can depend on factors such
as system size, complexity of the potential, and the
reaction pathway in question. Recent work suggests
that combining these strategies—e.g., implementing
Metadynamics within a PT framework—can yield
synergy, significantly improving convergence rates in
complex silicate systems.
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4 | Computational Implementation
and Validation

Implementing advanced sampling algorithms for silica
oligomerization requires careful attention to software
tools, force field parameterization, and validation
strategies. In this study, we employed the LAMMPS
(Large-scale Atomic/Molecular Massively Parallel
Simulator) package, which offers scalable molecular
dynamics (MD) and can be adapted for Monte Carlo
approaches [10]. For advanced sampling, we integrated
the PLUMED plugin, which provides umbrella
sampling and metadynamics capabilities. While
LAMMPS is traditionally associated with MD, it can
be extended to handle hybrid MD/MC or purely MC
protocols. Additionally, a custom reactive MC module
was developed to allow for the formation and breaking
of bonds under the BKS potential framework [11].
Initial Configuration and System Setup. We
began with a cubic simulation box of side length
chosen to reproduce a target density near 2.2 g/cm?,
containing 512 SiOs formula units (a total of 1536
atoms). The initial state was often taken to be an
unpolymerized arrangement of monomeric Si(OH),4
units randomly placed, or a partially polymerized seed
structure. The system was equilibrated at a high
temperature (e.g., 1500 K) to remove memory of the
initial configuration, followed by stepwise cooling to
the target temperature (300-800 K range, depending
on the experiment). This procedure ensures that the
system explores a broad set of configurations before
the advanced sampling algorithms refine the search
near equilibrium.

Reactive Force Field Considerations. While the
BKS potential is widely used, it does not explicitly
account for bond breaking and formation without
modifications. We introduced a reactive MC module
that examines all Si—O pairs at each MC step,
computing the energy cost or benefit of forming or
breaking an Si—O bond. The presence of protons was
handled by dynamically assigning them to oxygen
atoms, and ensuring charge neutrality was maintained
by adjusting partial charges accordingly. Each
attempted reactive move was accepted or rejected
based on the Metropolis criterion, incorporating biases
from the advanced sampling algorithms if present.
Because the success of advanced sampling depends on
accurate energies, verifying that the BKS potential (or
any alternative potential, such as ReaxFF) reproduces
known silica structures and transitions is critical.
Preliminary tests compared the equilibrium structures
of crystalline a-quartz to experimental lattice
constants and cohesive energies, ensuring the reliability

of the force field parameters.

Parallel Tempering Implementation. For PT, we
allocated N, replicas over a temperature range from
Timin (often around 300 K) to Tiax (somewhere
between 1000-2000 K) to span the relevant portion of
the energy landscape. Each replica performed reactive
MC moves independently, with attempted replica
exchanges every 1000 MC steps. The acceptance rate
for swaps was monitored to remain around 20-30%, a
typical target that ensures efficient mixing. Load
balancing across replicas was relatively
straightforward, as each replica had a similar
computational cost.

Umbrella Sampling Protocol. To probe the free
energy profile along a chosen CV—most commonly a
measure of the Q3 fraction or ring size distribution
R,,—we set up an array of windows, each constrained
by a harmonic umbrella potential. The window centers
were spaced to guarantee sufficient overlap. For
instance, if Q3 could theoretically vary from 0 to 1, we
might choose 20 windows at increments of 0.05.
Within each window, we gathered statistics on the
distribution of Q3 values, and subsequently utilized
WHAM to merge the histograms. The final free energy
surface, F(Q?), was then referenced to a minimum
value at some baseline Q® configuration. Care was
taken to choose a spring constant « large enough to
confine the system within each window, yet not so
large as to limit overlap between adjacent windows.
Metadynamics Setup. For Metadynamics, we
needed to identify CVs that effectively capture the
transition pathways for silica polymerization.
Typically, two or more CVs were used
simultaneously—e.g., the fraction of Q3 sites and the
total number of 5- or 6-membered rings. At each bias
deposition interval (e.g., every 1000 MC steps), a
Gaussian hill of a specified height W and width o was
added to Viias. Over time, this bias flattens out the
free energy basin, encouraging exploration of less
populated regions. A well-tempered Metadynamics
variant was frequently employed, where the deposition
height decreases over time according to a tempering
parameter -y, ensuring that large free energy wells are
not overfilled. Convergence was monitored by checking
whether the reconstructed free energy surface ceased
to change significantly with additional bias.
Validation Against Experimental Data. Once the
simulations reached convergence, several observables
were extracted and compared to experimental
benchmarks. The first was the distribution of Q"
species, accessible via 2?Si NMR. An approximate
relationship between the NMR, chemical shift § and the
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Q" state is often written as
Q") = —15.2Q™ + 85.3 ppm,

though more refined formulas exist. By computing Q"
populations from the simulations and applying the
above relation, one obtains a theoretical NMR
spectrum that can be compared to measured spectra of
silica gels or glasses with a similar composition and
thermal history.

Additionally, ring statistics provide another robust
measure. Small rings of three or four members are
typically more strained and less prevalent in stable
silica networks, while five- and six-membered rings are
more abundant. Experimentally, scattering techniques
like SAXS or neutron scattering, combined with total
scattering pair distribution function (PDF) analyses,
can reveal average ring sizes or fractal dimensions (Dy)
for gels or glasses. Our simulations directly computed
ring distributions via algorithms that search for closed
loops in the silica network graph. Matching these
distributions to experimental or theoretical
expectations validates both the force field and the
sampling approach.

An even more stringent test involves comparing
reaction rate constants derived from the simulations to
experimental hydrolysis or condensation rates
measured by techniques such as in situ NMR or
infrared spectroscopy. While absolute rates can be
sensitive to the choice of force field and the details of
the reactive MC scheme, relative trends—Ilike the
acceleration or deceleration of ring closure under
certain conditions—offer valuable benchmarks.

5 | Results and Discussion

In this section, we summarize how the application of
Parallel Tempering, Umbrella Sampling, and
Metadynamics improved the exploration of silicate
configurations, eliminated kinetic trapping, and
delivered free energy landscapes more in line with
experimental data. Through extensive simulations, we
highlight the relative strengths of each method in
enhancing ergodicity for silica oligomerization.
Parallel Tempering. In standard Metropolis MC at
room temperature, the system tended to remain in
configurations dominated by Q2 or Q3 silicons, with
minimal transitions to higher connectivity due to the
large barrier to Si—O bond formation. By contrast, in
PT simulations spanning temperatures from 300 K to
1200 K, the lower-temperature replicas occasionally
swapped with higher-temperature ones, which were
more likely to overcome the barrier to form Q*. As a

result, the time-averaged fraction of Q* species at
lower temperatures increased significantly compared to
standard MC. The barrier for Q3 — Q* transitions
effectively decreased from about 24.3 kcal/mol to
around 18.7 kcal/mol, reflecting the ability of the
system to pass through more configurations during
high-temperature excursions. Swapping efficiency was
optimized with a geometric spacing of the temperature
ladder, yielding a typical swap acceptance rate of
20-25%. This improvement in sampling also allowed
the system to form medium-sized rings of five and six
members, confirming that PT fosters the connectivity
pathways characteristic of fully condensed silica
networks.

Umbrella Sampling. Using Umbrella Sampling
along a Q3 collective variable, we constructed the free
energy profile F(Q?) for a range of Q3 values from
near 0 up to 1. This profile exhibited a double-well
structure, with one minimum at an intermediate Q3
fraction (roughly 0.3-0.4) and another near a higher
Q3 fraction (around 0.7-0.8). The latter corresponds
to more extensively polymerized states that precede
full Q* connectivity. The computed barrier height
between these wells was on the order of 15-20
kcal/mol, aligning with estimates from potentiometric
titrations of silicate solutions. Additionally, by
selecting ring size as a CV, we identified free energy
minima corresponding to four-membered and
five-membered rings, indicating that the system’s
propensity to form small rings varied depending on the
simulation temperature and the density of bridging
oxygens. The advantage of Umbrella Sampling was the
precision with which we could map out the free energy
landscape, but it required multiple windows and
significant equilibration to ensure good overlap among
windows.

Metadynamics. In Metadynamics simulations,
focusing on two CVs—namely the fraction of Q3 sites
and the number of six-membered rings—resulted in a
two-dimensional free energy surface F'(Q3, Rg). This
surface revealed that ring formation was strongly
correlated with higher degrees of polymerization.
Specifically, states with high Rg (i.e., many
six-membered rings) also exhibited more Q3 and Q*
species. By depositing Gaussians in CV space, we
forced the system to explore regions with both lower
and higher ring counts, mitigating the common issue
where the simulation might remain trapped in
configurations lacking closed rings. As the simulation
proceeded, the bias potential became an effective
“smoother” of the underlying energy landscape,
eventually allowing direct sampling of ring closure
events. Convergence metrics, such as the difference in
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the bias energy over subsequent iterations, indicated
that the free energy estimate stabilized after several
million MC steps. The final ring distributions
displayed a pronounced peak around 5- and
6-membered rings, consistent with known structural
motifs in amorphous silica. Importantly, we observed
that Metadynamics, by adaptively biasing the region
of CV space visited by the simulation, outperformed
PT in terms of sampling ring-forming events in smaller
systems, but PT remained more scalable to larger
systems because the overhead of managing bias
potentials grows with system size.

Comparison and Hybrid Approaches. While each
advanced sampling method improved exploration
compared to brute-force MC, their effectiveness varied
depending on system size, the nature of the reactive
moves, and the specific aspect of silica oligomerization
under study. In smaller systems (fewer than 1000
atoms), Metadynamics provided rapid sampling of ring
formation and breakage events, likely because the
relevant CVs could be identified clearly, and the system
size was small enough for the added bias computations
to remain feasible. Parallel Tempering excelled in
systematically covering the entire configuration space
as temperature swaps occasionally allowed the system
to bypass large barriers. However, PT alone may still
miss certain rare transitions if the associated CV is not
significantly temperature-dependent.

A promising route was the combination of these
methods into a hybrid MetaD-PT approach: multiple
replicas at different temperatures each performed
Metadynamics on an identical set of CVs.
Occasionally, we performed replica exchanges between
these biased simulations (replica-exchange
metadynamics). This approach provided the best of
both worlds: Metadynamics biasing the relevant CVs
for polymerization transitions, while PT facilitated
barrier crossing through large temperature excursions.
Preliminary data showed a reduction in overall
wall-clock time by about 40% compared to using PT
alone, as fewer MC steps were needed to achieve
converged ring statistics and Q™ distributions.
However, the implementation complexity increased
significantly, requiring careful management of bias
potentials across replicas and ensuring consistent
exchange criteria.

Spectroscopic and Structural Validation. A key
measure of success for the advanced sampling methods
is their ability to reproduce experimental Q™
distributions in hydrated silicate gels. For instance, at
intermediate stages of condensation (pH 2-4),
experiments often observe substantial Q3 populations,
with smaller but non-negligible Q* and Q2. Standard

MC simulations tended to underpredict Q* due to
kinetic trapping, whereas advanced sampling runs
yielded Q* fractions in closer alignment with
experimental data, especially at lower pH where
condensation is faster. When mapped to 2°Si NMR
chemical shifts, the simulated spectra displayed peak
positions and relative intensities akin to experimental
curves, corroborating the improved exploration of
states with bridging oxygens.

Ring statistics provided another consistency check: the
fraction of 5- and 6-membered rings in advanced
sampling simulations increased in line with typical
structural models of silica, while 3- or 4-membered
rings were found to be relatively short-lived or present
in smaller amounts. This observation was in line with
classical knowledge that small rings suffer from high
ring strain, contributing to their reduced
thermodynamic stability. The final fractal dimension
of the silica network, as determined by analyzing
cluster size distributions over time, approached

Dy ~ 2.5, consistent with scattering experiments that
characterize growing silica gels as mass fractals. These
combined validations built confidence that the
advanced sampling techniques accurately reflected
both the microscopic connectivity and the macroscopic
morphological features of silica.

Uncertainty and Error Analysis. Estimating the
errors in the computed free energy profiles and derived
structural observables is a non-trivial task. Block
averaging is frequently employed, wherein the
simulation data is split into multiple blocks, and each
block yields an independent estimate of the property
in question. The standard deviation of these block
averages gives an estimate of the statistical
uncertainty. For instance, in the MetaD runs, we
computed the free energy difference AF between a
Q3-rich well and a Q*-rich well in consecutive blocks of
50,000 or 100,000 MC steps. The uncertainties
typically decreased over simulation time, and once
block averages stabilized, we deemed the simulation
converged. For Umbrella Sampling, the WHAM
procedure itself provides an uncertainty measure by
analyzing the fluctuations in overlapping histogram
regions. PT also benefits from block averaging, though
the correlation times must be carefully evaluated to
ensure that exchanges in temperature space have
allowed each replica to thoroughly explore its local
basin.

Finally, we stress that each advanced sampling method
also has potential pitfalls if not carefully
parameterized. PT requires well-chosen temperatures
and effective parallelization. Umbrella Sampling
depends on the correct choice of CV windows and
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overlap. Metadynamics can suffer from inadequate
CVs or an improperly tuned bias deposition schedule.
Nonetheless, when executed properly, these approaches
collectively represent robust solutions to the ergodicity
challenges inherent in silica oligomerization.

6 | Conclusion

In this work, we have demonstrated how advanced
sampling algorithms, specifically Parallel Tempering,
Umbrella Sampling, and Metadynamics, can be
employed to address the formidable challenge of
modeling silica oligomerization in Monte Carlo
simulations. Traditional Metropolis MC struggles with
large energy barriers and rare event transitions,
leading to incomplete exploration of the complex free
energy landscape that characterizes silicate
polymerization. By contrast, the advanced sampling
methods we explored systematically enhance sampling
efficiency, thereby mitigating kinetic traps and
enabling more accurate prediction of ring statistics, Q™
distributions, and network topologies [12].

Parallel Tempering overcomes local trapping by
allowing configurations to traverse a range of
temperatures, effectively lowering energy barriers at
higher temperatures. Umbrella Sampling makes it
possible to map out detailed free energy profiles along
chosen CVs, such as Q™ or ring size, ensuring thorough
exploration of key transition pathways. Metadynamics
adaptively biases the system away from frequently
visited regions of CV space, driving exploration into
otherwise rarely sampled configurations—a valuable
tool when suitable CVs can be identified for silica
polymerization.

Our simulations confirm that these advanced methods
deliver significantly better agreement with
experimental data, including 2°Si NMR spectra and
ring size distributions extracted from scattering
experiments. The appearance of 5- and 6-membered
rings, the increased population of Q3 and Q* silicons,
and the convergence towards realistic fractal
dimensions all attest to the enhanced ergodicity
achieved. Moreover, by quantifying barriers for ring
closure, dimerization, and bridging oxygen formation,
advanced sampling provides mechanistic insights into
how small oligomers grow into extended silica
networks.

Despite these successes, challenges remain. Each
advanced sampling approach must be carefully
tuned—Parallel Tempering requires an appropriate
temperature ladder, Umbrella Sampling depends on
well-chosen windows for each CV, and Metadynamics
relies on selecting relevant CVs and bias parameters.

Combining methods, such as replica-exchange
Metadynamics, can yield synergistic benefits but also
increases computational and implementation
complexity. Looking ahead, these methods could be
extended to multicomponent silica systems, doping
with species like aluminum or boron, or exploring the
role of pH variations. Future research may also
incorporate fully reactive potentials like ReaxFF in a
hybrid MD/MC framework, leveraging advanced
sampling to efficiently tackle both short-timescale
fluctuations and long-timescale chemical
rearrangements [13].

The enhanced sampling strategies discussed herein
provide a powerful computational framework for
interrogating silicate polymerization at timescales and
length scales more closely aligned with experiment.
The ability to capture elusive ring formation events,
bridging oxygen rearrangements, and transitions
among Q" states not only enriches our fundamental
understanding of sol-gel processes, but also fosters
predictive design of silica-based materials. By bridging
the gap between atomistic modeling and experimental
observables, these simulations can guide chemists and
materials scientists in tailoring synthesis protocols to
achieve specific nanostructures, pore sizes, or network
connectivities. The synergy between advanced
sampling methods and accurate force fields is thus
poised to accelerate innovation in sol-gel science,
catalyzing new opportunities for designing silica
networks with unique physical and chemical properties

[14, 2].
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